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Sign of the refractive index in a gain medium with
negative permittivity and permeability
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We show how the sign of the refractive index in any medium may be derived using a rigorous analysis based on
Einstein causality. In particular, we consider left-handed materials, i.e., media that have negative permittivi-
ties and permeabilities at the frequency of interest. We find that the consideration of gain in such media can
give rise to a positive refractive index. © 2006 Optical Society of America
OCIS codes: 350.7420, 000.2690.
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. INTRODUCTION
rucial to the treatment of electromagnetic wave propa-
ation is the connection between the signs of the electric
ermittivity �̃ and the magnetic permeability �̃ and that
f the refractive index. The wave vector k̃��� (and ulti-
ately the index) is related to the square root of �̃����̃���,
hich leaves the sign ambiguous. One way to determine

he sign of the refractive index is by a numerical simula-
ion of Maxwell’s equations (see Refs. 1 and 2): From the
ave evolution with proper initial conditions, the sign of

he refractive index can be inferred. However, analytical
ustification of the sign of the refractive index has the ad-
antages of generality and physical insight. In prior work,
his has been based on the assertion that the directions of
nergy flux and the group velocity must point away from
he radiation source (see Refs. 3–6). From this assertion,
ne may conclude that any medium for which the phase
elocity is oppositely directed to the energy flux or group
elocity will exhibit negative refraction, including the
ossless systems for which both the real part of the elec-
ric permittivity � and the real part of the magnetic per-
eability � are simultaneously negative3,4 and the lossy

ystems where these values need not be simultaneously
egative.5,6 However, the assertion itself is not true in
eneral. It has been known for some time that in certain
ystems (both passive and active) the group velocity can
ctually point toward the source. This has been observed
xperimentally and can be understood as a pulse-
eshaping phenomenon (Ref. 7 and references therein). It
lso has been pointed out that it is the front velocity that
ust satisfy the requirement of Einstein causality.7–9 The

ront velocity must therefore point away from the source.
he directions of phase velocity, group velocity, and en-
rgy flux then follow and can point in either direction de-
ending on the details of the material response. Our dis-
ussion relies equally on (i) the implications of causality
or the sign of the index and (ii) the introduction of gain in
he system. Although our formalism is general, we focus
n left-handed materials (LHMs),10 i.e., media that have
,��0 at the frequency of interest,3 and we show that
ome LHMs give rise to positive refraction.
0740-3224/06/010045-6/$15.00 © 2
. DETERMINING THE SIGN OF THE
EFRACTIVE INDEX
e employ a rigorous analysis of causal wave propagation

s first discussed by Sommerfeld and Brillouin.11 The
ave equations for a homogeneous isotropic linear me-
ium in a source-free region are

��2Ẽ�r,�� = − �2�̃����̃���Ẽ�r,��

�2B̃�r,�� = − �2�̃����̃���B̃�r,��
� . �1�

˜ �r ,�� and B̃�r ,�� are the complex Fourier transforms of
he corresponding real fields E�r , t� and B�r , t�, where the
ourier transforms in Eqs. (1) are defined as

f̃��� =
1

�2�
�

−�

�

f�t�exp�i�t�dt. �2�

he vector equations have a common form for each Car-
esian component and can be simplified to

�2g̃�z,��

�z2 = − �2�̃����̃���g̃�z,��, �3�

f we consider a general plane wave propagating in the +z
irection. Equation (3) has the time-domain Green’s func-
ion solutions

g�z,t� =
1

�2�
�

−�

�

g̃�z,��exp�− i�t�d�

=
1

�2�
�

−�

�

exp�i�k̃���z − �t��d�. �4�

��� is in general not single valued because of the branch
uts created when we take the square root, and Einstein
ausality is needed to determine the correct branch of
���. More precisely, with �̃���= 	�̃���	exp�i��� and �̃���
	�̃���	exp�i���, the two branches are k̃���
±��	�̃���		�̃���	exp�i���+��� /2�, with a corresponding

efractive index ñ���= ±c�	�̃���		�̃���	exp�i�� +� � /2�.
� �

006 Optical Society of America
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Using Titchmarsh’s theorem,12,13 it can be shown that
or any physical system k̃��� is analytical in the upper
alf of the complex � plane and on the real � axis. Addi-
ionally, the two branches of k̃��� have the limits of +�� /c�
nd −�� /c�, respectively, as 	�	→�.14 Evaluating the inte-
ral in Eq. (4) through contour integration in the complex

plane7,8,11,15 then reveals that the two branches
���= +c�	�̃���		�̃���	exp�i���+��� /2� and ñ���
−c�	�̃���		�̃���	exp�i���+��� /2�, respectively, correspond

o the retarded Green’s function, g�z , t�=0 for t� �z /c�,
nd the advanced Green’s function, g�z , t�=0 for t�
�z /c�. In other words, the two Green’s functions have a

ront velocity of ±c, respectively. Einstein causality re-
uires that the front velocity has to point away from the
ource; thus only the retarded Green’s function with front
elocity +c is physical16 and ñ��� is then uniquely deter-
ined to be ñ���= +c�	�̃���		�̃���	exp�i�n�, where �n= ���

��� /2.
The zero-pole structure of �̃��� and �̃��� is guaranteed

o be symmetric with respect to Re���=0 by the reality of
he electromagnetic field, the polarization, and the
agnetization.17 This symmetry leads to the relation

�−��= ñ*��� with � on the real axis. We therefore only
eed to investigate the properties of ñ��� for ��0 in the
nalysis that follows.

. �̃ AND �̃ IN A TWO-LEVEL SYSTEM
e now express the permittivity and the permeability in

erms of their underlying molecular polarizabilities and
agnetizabilities. The expressions are equivalent to those

btained from a Lorentz oscillator model.
The isotropic component of the complex polarizability 	̃

or a two-level system is given by

	̃ =
2�mg	
g	p	m�	2

3��mg
2 − �� + i
�2�

, �5�

here 
g	p	m� is the electric dipole transition moment be-
ween the ground state g and the excited state m. � is

ig. 1. Zero-pole pairs generated by (a) a noninverted Lorentz
scillator �F�0� and (b) an inverted Lorentz oscillator �F�0�.
nly the poles and zeros for Re����0 are indicated, as the struc-

ures are symmetric with respect to Re���=0.
mg
he angular transition frequency and 
 is the half-width
t half-maximum of the Lorentzian spectrum �
�0�.
In media for which

�̃ = �0�1 +
N	̃

�0

 , �6�

he electric permittivity is given by

�̃ = �0�1 +
2�mgN	
g	p	m�	2

3�0��mg
2 − �� + i
�2�� , �7�

here N is the number density, and where we can define

Table 1. Four Types of LHMa

LHM �� �� Re�ñ�

ype I
F�0 �� /2������ �� /2������ �0
G�0
ype II
F�0 −�����−�� /2� �� /2������ �0
G�0
ype III
F�0 �� /2������ −�����−�� /2� �0
G�0
ype IV
F�0 −�����−�� /2� −�����−�� /2� �0
G�0

aF and G are Defined in Eqs. �9� and �10� and � = �� +� � /2.

ig. 2. Three of the possible four different types of zero-pole
airs are shown for LHM: (a) F�0 and G�0, (b) F�0 and G
0, (c) F�0 and G�0. The one not shown corresponds to (b)
ith � and � exchanged.
n � �
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F =
2�mgN	
g	p	m�	2

3�0
. �8�

he magnetic permeablity may similarly be written in
erms of the magnetizability. The following expressions
or the electric permittivity �̃��� and the magnetic perme-
bility �̃��� may thus be obtained as

�̃��� = �0�1 +
F

�pole �
2 − �� + i
�2� = �0

�� + i
�2 − �zero �
2

�� + i
�2 − �pole �
2

�9�

�̃��� = �0�1 +
G

�pole �
2 − �� + i
�2� = �0

�� + i
�2 − �zero �
2

�� + i
�2 − �pole �
2 ,

�10�

here �zero �
2 =�pole �

2 +F, and where similarly

zero �
2 =�pole �

2 +G. F, G, and 
 are all taken to be real. A
ystem in the ground state corresponds to F ,G�0 and an
nverted system has F ,G�0. The permittivity of the
acuum is �0 and its permeability is �0.

From Eq. (9) it follows that the structures of the zeros
nd poles determine ��. In the case of a noninverted Lor-
ntz oscillator, the contribution from the zero-pole pair
ields a positive ��, whereas for the inverted system, �� is
egative. This is shown in Fig. 1 where it is seen that the
ontribution from the zero-pole pair yields a positive ��

or a noninverted Lorentz oscillator, whereas for the in-
erted system, �� is negative.18 Similar conclusions may
e drawn for �� from Eq. (10).
The angles ���= ���+��� and �n=��� /2 are determined

y the zeros and poles of both �̃ and �̃. For the subsequent
iscussion, we consider the cases for which the sign of F
nd G in Eqs. (9) and (10) can independently vary. We
uppose that this may, at least in principle, be achieved in

multicomponent system or in certain multilevel sys-
ems. Considering a two-component system, we assume
hat in a certain frequency range the electric permittivity
s dominated by one molecular species whereas the mag-
etic permeability is dominated by the other species. If
nly one of the species is inverted, then we may have F
nd G of opposite sign. Similarly, in an inverted one-
omponent multilevel system there may be nearby lying
tates that have electric dipole allowed, but magnetic di-
ole forbidden transitions, such that the polarizability
nd magnetizability, which respectively underlie �̃��� and
���, are of opposite sign. If for these systems we describe
��� and �̃��� by an effective Lorentz oscillator model,
hen we have the following possible combinations:
, G�0, F and G of opposite sign, and F ,G�0. Figure 2
hows three of the four possible combinations described
bove.

. FOUR TYPES OF LEFT-HANDED
ATERIAL
left-handed medium requires F in Eq. (9) and G in Eq.

10) to be large compared with 
, such that 	��	 and 	��	
xceed �� /2�, and such that both Re��̃���� and Re��̃����
re negative for some range of �. However, since �
n
���� /2�= ���+��� /2 and since �� and �� can be of either
ign, 	�n	 can be smaller than �� /2� depending on the spe-
ific form of the zero-pole pair structure. Hence, a LHM
oes not necessarily need to have a negative refractive in-
ex. Table 1 lists the four possible combinations. To our
nowledge only the passive LHM with a negative refrac-
ive index (type I) has been discussed previously (see, for
nstance, Refs. 19 and 20). In fact, additional types of
HM are possible if the materials are allowed to have
ultiple resonances. In this case it can be shown that an

sotropic medium can give rise to negative refraction even
f the permittivity and the permeability are both
ositive.21 Such right-handed media are particularly
romising for the observation of negative refraction and
ssociated phenomena at optical frequencies, and we dis-
uss their remarkable properties elsewhere.21

. LEFT-HANDED MATERIALS WITH n�0
n the following we discuss the optical properties of
ropagating waves in type II and type III LHMs, i.e.,
HMs that give rise to positive refraction. We do not con-
ider evanescent waves; and to simplify the discussion,
e neglect the imaginary parts of the permittivity and the
ermeability. Since the refractive indices for type II and
ype III LHMs are positive, it follows that a light beam
hat traverses an interface formed by a type II or type III
HM and an ordinary material will experience ordinary

positive) refraction. In Fig. 3 we show the boundary con-
itions for such an interface.
The two possible wave vectors of the refracted ray, ka

nd kb, both satisfy the boundary conditions. The correct
olution can be identified only with recourse to Einstein
ausality (and not the direction of the Poynting vector).
ince the LHM is assumed to be of type II or type III, its
efractive index is positive and given by

n2 = +��2�2

�0�0
� 0, �11�

uch that ka is unphysical and must be rejected.

ig. 3. Boundary conditions for an interface between an ordi-
ary material ��1 ,�1�0� and a type II or type III LHM ��2 ,�2
0�. Two conditions have to be met: (i) the transverse compo-

ents of the wave vectors must be the same across the boundary
kix=kax=kbx�, and (ii) the ratio of the magnitudes of the trans-
itted wave vector to that of the incidence wave vector must sat-

sfy �	k 	 / 	k 	�2= �	k 	 / 	k 	�2= �� � /� � �.
a i b i 1 1 2 2
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It is interesting to consider reflection and transmission
t the boundary depicted in Fig. 3. The Fresnel equations
re readily derived. For an incident beam with E perpen-
icular to the plane of incidence, we obtain

r� � �Er

Ei



�

=

sin �t cos �i +
�1

	�2	
sin �i cos �t

sin �t cos �i −
�1

	�2	
sin �i cos �t

,

t� � �Et

Ei



�

=
2 sin �t cos �i

sin �t cos �i −
�1

	�2	
sin �i cos �t

. �12�

imilarly, for the case of E parallel to the plane of inci-
ence, we have

r� � �Er

Ei



�

=

−
�1

	�2	
sin �i cos �i − sin �t cos �t

sin �t cos �t −
�1

	�2	
sin �i cos �i

t� � �Et

Ei



�

=
2 sin �t cos �i

sin �t cos �t −
�1

	�2	
sin �i cos �i

, �13�

here �i is the angle of incidence and �t is the angle of
efraction. The reflectance R and transmittance T are cor-
espondingly given by

R� = r�
2

T� = − � �1

	�2	
�n2

n1

� cos �t

cos �i

t�

2 ,

R� = r�
2,

ig. 4. Schematic of the energy flux across an interface between
n ordinary material and a (type II or type III) LHM with a posi-
ive refractive index. Energy is conserved and the refraction is
ositive. The net energy derives from the inverted LHM.
T� = − � �1

	�2	
�n2

n1

� cos �t

cos �i

t�

2, �14�

here the refractive index of the ordinary material n1 is

n1 = +��1�1

�0�0
� 0. �15�

Energy conservation across the boundary holds as Eqs.
14) satisfy

R� + T� = R� + T� = 1. �16�

his is to be expected, as any solution (including both the
etarded and the advanced solution) that satisfies Max-
ell’s equations will necessarily also satisfy Poynting’s
quation:

ig. 5. Reflectance and transmission curves for electric field po-
arization perpendicular to the plane of incidence (top panel) and
lectric field polarization parallel to the plane of incidence (bot-
om panel).
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�u

�t
+ � · S = 0, �17�

here S is the Poynting vector (the energy flux) and u is
he energy density.

However, it is surprising that T is negative at such a
oundary [see Eqs. (14)]. It follows that energy is trans-
orted across the boundary out of the LHM. The energy
ux thus points in the direction opposite to the wave vec-
or of the transmitted wave (as is the case for all types of
HM where S is opposite to k, regardless of the sign of

heir refractive indices). This is schematically shown in
ig. 4.
Furthermore, since energy is conserved �R+T=1�, it

ollows that the reflectance R must be greater than unity.
he energy needed to amplify the reflected beam is de-
ived from the LHM, which is assumed to have gain and
herefore must have been pumped. Enhanced reflection
rom an amplifying medium is not restricted to a LHM.
ybulski and Silverman have observed reflectances of 2 to
from an optically pumped gain medium.22,23

Figure 5 shows reflectance and transmittance curves
or the boundary of a left-handed gain medium with an or-
inary material. We take �2=−�1 and �2=−1.5�1. Anoma-
ously high R� and T� are predicted near an angle of inci-
ence �i�50°. From Eqs. (12) one can see that the angle
or which R� and T� become infinite would correspond to
rewster’s angle for an interface where the second mate-
ial’s permittivity and permeability have the same mag-
itude but are of the opposite (positive) sign. The singu-

arity is clearly unphysical and is a consequence of
nrealistic assumptions, such as a constant gain of the in-
erted medium22 and neglect of imaginary parts of perme-
bility and permittivity. Inclusion of the imaginary parts
ill remove the infinity of r� and t� in Eqs. (13) that leads

o the singularity in Fig. 5.24 Nevertheless, it is clear that
nhanced reflection can be expected at the boundary of a
HM with gain.

. CONCLUSIONS
e discuss how the sign of the refractive index in any me-

ium may be rigorously derived using a theory of causal
ave propagation.7,8,11,15 In particular, we consider the

onnection between Einstein causality and the real part
f the refractive index for media that have negative per-
ittivities and permabilities (LHM). We find that isotro-

ic LHMs that are in their ground state can exhibit nega-
ive refraction, whereas LHMs that have gain, i.e., are
partially) inverted, do not necessarily have a negative in-
ex of refraction. We introduce four different types of
HM and predict that two of them will give rise to posi-
ive refraction. We also discuss reflection at the boundary
f a left-handed gain medium.
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